An Analytical and Theoretical Treatise on
Stress Concentration at an Elliptical
Discontinuity under Uniaxial Tension

l. Introduction to Stress Concentration Phenomena

The study of the mechanical integrity of structures is, in large part, the study of how materials
respond to applied loads. In an idealized world of uniform geometries and perfectly
distributed forces, the stresses within a component would be simple to calculate and predict.
However, the reality of engineering design is one of geometric complexity. Components
require holes for fasteners, notches for assembly, and fillets for transitions between sections.
These geometric discontinuities, while essential for function, fundamentally alter the
distribution of stress within a body, creating localized regions of high stress that can dictate
the strength and lifespan of the entire structure. This phenomenon, known as stress
concentration, is a cornerstone of solid mechanics and a primary consideration in the
prevention of mechanical failure.’

1.1 The Engineering Significance of Geometric Discontinuities

Any abrupt change in the geometry of a load-bearing component acts as a stress raiser. The
presence of a hole or notch forces the lines of internal stress to flow around the discontinuity.
An intuitive and powerful way to visualize this is through the "flow analogy," where the lines of
stress are imagined as streamlines in a fluid." In a uniform bar, these streamlines are parallel
and evenly spaced. When they encounter an obstacle like a hole, they must divert and crowd
together as they pass around its periphery. This crowding of stress lines represents a

localized intensification of stress, much like the water in a river speeds up as it flows through a
narrow channel. The more abrupt the geometric change, the more severe the crowding, and
the higher the resulting stress concentration.



The practical consequences of this phenomenon are profound. Stress concentrations are the
primary initiation sites for material failure. In components subjected to cyclic loading, these
high-stress regions become the focal points for the initiation and propagation of fatigue
cracks. Even under a single, static load, the localized stress at a notch root can exceed the
material's yield strength, causing localized plastic deformation and potentially leading to
ductile rupture.” Consequently, a component can fail at a nominal stress level—the average
stress calculated over the gross cross-section—that is far below the intrinsic strength of the
material itself. Understanding, quantifying, and mitigating stress concentration is therefore not
an academic exercise but a fundamental imperative for safe and reliable engineering design.®

1.2 Historical Context: From Kirsch's Circle to Inglis's Ellipse

The formal analytical study of stress concentration began in the late 19th century. In 1898, the
German engineer Ernst Gustav Kirsch published a landmark solution for the stress field
around a circular hole in an infinitely large plate subjected to remote uniaxial tension.” Kirsch's
solution revealed a remarkable and now-famous result: the maximum stress at the edge of the
hole, on a line perpendicular to the applied load, is precisely three times the remote,
undisturbed stress. This established the benchmark stress concentration factor of 3 for this
fundamental geometry.* Kirsch's work provided the first rigorous, mathematical confirmation
of the severity of stress raisers.

However, the circular hole represents a highly symmetric and geometrically "blunt"
discontinuity. The pivotal next step in the development of the theory came in 1913 from the
British mathematician and engineer Charles E. Inglis.” Inglis tackled the more complex and far
more general problem of an elliptical hole in an infinite plate. His solution was a monumental
achievement, not merely as an extension of Kirsch's work, but as a profound generalization
that unlocked the ability to analyze a much wider and more critical class of geometries.’

The progression from Kirsch's circle to Inglis's ellipse represents a fundamental shift in the
conceptual understanding of mechanical failure. Kirsch's solution addresses a stable, often
intentional design feature—a hole—and provides a fixed stress concentration factor,
independent of the hole's size relative to the infinite plate.” Inglis's solution, by contrast,
introduced the aspect ratio of the ellipse as a critical variable. This meant that the severity of
the stress concentration was no longer a fixed constant but was intrinsically linked to the

shape of the discontinuity. By allowing one axis of the ellipse to become vanishingly small
relative to the other, Inglis's framework could model geometries that were not just holes, but
were defect-like or crack-like in nature. In doing so, Inglis inadvertently created the first
mathematical model that explained why sharp cracks were so catastrophically dangerous.



This phenomenon was known empirically—Inglis himself noted in his 1913 paper that his
solution explained the high stresses responsible for the shattering of glass panes from small
cracks—but it had not yet been quantified theoretically.® His work thus formed the conceptual
and mathematical bridge between the world of classical elasticity, which dealt with
well-behaved continua, and the nascent field that would become linear elastic fracture
mechanics (LEFM), which sought to explain the behavior of bodies containing sharp, singular
flaws.

1.3 Conceptual Framework and Problem Statement

To quantify the severity of a stress raiser, the dimensionless Stress Concentration Factor,
denoted as Kt, is defined. It is the ratio of the maximum local stress, omax, at the discontinuity
to the nominal or remote stress, oremote (often denoted o for an infinite body), that would
exist in the body in the absence of the discontinuity.*

Kt=oremoteomax
A Kt value of 1implies no stress concentration, while values greater than 1 indicate the degree
of stress amplification. For example, Kirsch's solution for a circular hole yields Kt=3.

This report addresses the specific problem posed in the user query, which can be formally
stated as follows:

Body: An infinitely large, thin plate.
Material: The material is assumed to be homogeneous, isotropic, and to behave in a
linear-elastic manner.

e Geometry: The plate contains a single, central elliptical hole. The ellipse is oriented such
that one of its principal axes is twice the length of the other. The smaller axis is aligned
with the Y-direction.

e Loading: The plate is subjected to a remote, uniform, uniaxial tensile stress, o, applied
in the Y-direction.

The central objective of this report is to determine if a closed-form analytical solution exists
for the stress concentration factor, Kt, for this specific configuration, and if so, to present the
solution, its theoretical underpinnings, its direct application to the problem, and a critical
evaluation of its limitations.

Il. Theoretical Foundations of Two-Dimensional



Elasticity

The existence of an analytical solution for problems in solid mechanics is not a given. It
depends on the ability to formulate and solve a set of governing partial differential equations
that describe the physical behavior of the material, subject to the specific geometric and
loading constraints of the problem. For the case of the elliptical hole, the solution emerges
from the elegant and powerful framework of two-dimensional elasticity theory.

2.1 Governing Equations of Plane Elasticity

The behavior of a deformable solid body is governed by three fundamental sets of equations.

1. Equilibrium Equations: Derived from Newton's laws, these equations ensure that the
forces acting on any infinitesimal element of the body are in static balance. In two
dimensions, with no body forces, they are expressed as ®:

OX00X+0yotxy=0
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2. Kinematic (Strain-Displacement) Equations: These equations relate the components
of strain (deformation) to the spatial derivatives of the displacement field (u,v). They are
purely geometric relationships &
€X=0X0U,€y=0y0V,yXy=0yOu+0XoV

3. Constitutive (Hooke's Law) Equations: These equations describe the material's
response, linking stress to strain. For a linear-elastic, isotropic material, they are given by
Hooke's Law.?

These equations form a system of partial differential equations for the unknown stress, strain,
and displacement fields. To simplify the analysis of plate-like structures, two-dimensional
approximations are commonly used: Plane Stress, which assumes that the out-of-plane
stress components are zero (applicable to thin plates), and Plane Strain, which assumes the
out-of-plane strain components are zero (applicable to thick plates).” The Inglis solution for
the stress concentration factor is valid for both of these conditions.

2.2 The Airy Stress Function Approach

A direct solution of the governing equations can be cumbersome. In the 19th century, George



Biddell Airy introduced a powerful mathematical device known as the Airy stress function, ¢,
that greatly simplifies 2D elasticity problems.? The stress components are defined as second
derivatives of this single scalar function

d(xy):
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The elegance of this approach lies in the fact that when the stresses are defined in this
manner, the two equilibrium equations are satisfied automatically, for any choice of ¢ that is
sufficiently smooth.? The problem is then reduced from solving a system of equations for
multiple stress components to finding a single function,

¢, that satisfies the remaining governing equation—the compatibility equation, which ensures
that the strain field is continuous and derivable from a single-valued displacement field. When
expressed in terms of stresses, and then in terms of the Airy function, the compatibility
equation becomes the famous biharmonic equation:

VA4p=0x404p+20x20y204$+dy4d44=0

The task of solving a 2D elasticity problem is thus transformed into a search for a biharmonic
function ¢ that also satisfies the boundary conditions of the specific problem (i.e., the
prescribed forces or displacements on the boundaries of the body).

2.3 Complex Variable Formalism in Elasticity

While the Airy stress function simplifies the problem, solving the biharmonic equation for
complex geometries remains a formidable challenge. A further leap in mathematical
sophistication came with the application of complex variable theory to elasticity, a field
extensively developed by Russian mathematicians such as G.V. Kolosov and N.I.
Muskhelishvili.? In this formalism, the Airy stress function, and consequently all stress and
displacement components, can be expressed in terms of two analytic functions of a complex
variable

z=x+iy, often denoted as the complex potentials ¢(z) and Y(z).?

This approach is particularly powerful when combined with the technique of conformal
mapping. Conformal mapping allows a complex geometric domain—such as the infinite plate
with an elliptical hole—to be transformed (or "mapped") into a much simpler domain, like the
region outside a unit circle.® The elasticity problem is then solved in the simpler, transformed
domain, and the results are mapped back to the original physical domain. This method is
central to obtaining analytical solutions for a wide variety of hole and notch problems,



including the Inglis solution.

2.4 Elliptical Coordinate Systems: The Natural Basis for the Problem

The success of any analytical solution is often contingent on choosing a mathematical
framework that perfectly mirrors the geometry of the problem. This is a profound principle in
mathematical physics: the solvability of a problem hinges on finding a "language" that
respects its inherent symmetries and boundaries. While the elliptical hole problem could be
formulated in Cartesian or polar coordinates, the equations describing the traction-free
boundary condition on the elliptical edge would be prohibitively complex.

Inglis's crucial insight was to abandon these familiar coordinate systems and instead
formulate the problem in elliptical coordinates (a,B).° These coordinates are defined by a
family of confocal ellipses and hyperbolas. The relationship to Cartesian coordinates is given
by:

x=ccosh(a)cos(f3)

y=csinh(a)sin(B)

where c is a constant related to the focal distance of the ellipses. The power of this choice is
that the boundary of a specific elliptical hole is no longer a complex equation but simply a line
of constant coordinate, e.g., a=a0. This transforms the difficult task of satisfying the
boundary conditions into a much simpler algebraic exercise. The physics of the problem does
not change, but by choosing a coordinate system in which the geometry is naturally and
simply expressed, a problem that was analytically intractable becomes solvable. The Inglis
solution is a classic testament to the power of this approach.

lll. The Inglis Solution for an Elliptical Hole in an Infinite
Plate

Building upon the theoretical foundations of two-dimensional elasticity and employing the
natural framework of elliptical coordinates, C.E. Inglis derived the complete analytical solution
for the stress field around an elliptical hole. The most critical result from this analysis is the
expression for the maximum stress, which directly yields the stress concentration factor.



3.1 The Master Equation for Maximum Stress

For an infinite plate containing an elliptical hole with semi-major axis a and semi-minor axis b,
subjected to a remote uniaxial tensile stress o applied perpendicular to the major axis (i.e.,
parallel to the minor axis b), Inglis's solution gives the maximum tensile stress, omax, as °:

omax=0(1+2ba)

This maximum stress occurs at the two points on the boundary of the hole that are furthest
from the center along the major axis (at x=+a,y=0). These are the points where the curvature
of the boundary is sharpest and where the "flow" of stress is most constricted.

From this master equation, the stress concentration factor, Kt, is obtained directly by dividing
the maximum stress by the remote stress:

Kt=0coomax=1+2ba

This remarkably simple and elegant formula encapsulates the entire solution to the problem. It
reveals that the stress concentration is governed by a constant term (1) plus a term that is
directly proportional to the aspect ratio (a/b) of the ellipse. The more elongated or "sharper"
the ellipse, the larger the ratio a/b, and the higher the stress concentration.

3.2 Analysis of the Full Stress Field

While the maximum stress value is of primary engineering importance, the complete Inglis
solution provides the values of all stress components (ox,0y,Txy) at every point in the plate. A
qualitative analysis of the stress distribution around the periphery of the hole is instructive. At
the ends of the major axis (x=+a), the hoop stress reaches its maximum tensile value, as given
by the formula above. Conversely, at the ends of the minor axis (y=tb), the hoop stress
becomes compressive.” For a remote tension in the Y-direction, the stress at the top and
bottom of the hole is

ox=-0c. This phenomenon of developing compressive stresses in regions perpendicular to
the maximum tension is also a feature of the simpler Kirsch solution for a circular hole.” The
full stress field solution shows that the high stresses are highly localized, decaying rapidly
with distance from the hole's boundary. At a distance of a few characteristic lengths (e.g., a
few multiples of

a) away from the hole, the stress field returns to the uniform, remote value of oe.*



3.3 The Role of the Radius of Curvature: A More Fundamental
Perspective

The Inglis formula can be re-expressed in a form that provides deeper physical insight into the
nature of stress concentration. This involves relating the global geometry of the ellipse (the
semi-axes a and b) to the local geometry at the point of maximum stress. The key local
geometric parameter is the radius of curvature, p, of the ellipse tip at the end of its major
axis.’

For an ellipse described by the equation (x/a)2+(y/b)2=1, the radius of curvature at the point
(x=a,y=0) is given by °:

p=ab2

This equation shows that for a very slender ellipse (b<«a), the radius of curvature at the tip
becomes extremely small, signifying a very sharp notch. By rearranging this equation as b=ap
and substituting for b in the stress concentration formula, we can express the ratio a/b as
a/ap=a/p. Substituting this back into the expression for Kt yields a more fundamental form of
the Inglis solution °:

Kt=1+2pa

This form of the equation is profound because it decouples the stress concentration from the
global shape of the "ellipse" and instead links it directly to two physically intuitive local
parameters: the half-length of the flaw, a, and the sharpness of the flaw tip, p. It suggests
that for any notch-like feature, not just an ellipse, the stress concentration will be governed by
a similar relationship dependent on its size and its root acuity. This insight is the direct
intellectual precursor to the core concepts of fracture mechanics. The stress field at the tip of
a crack is characterized by a parameter called the stress intensity factor, Kl, which is
proportional to otta. The appearance of the a term in Inglis's reformulated equation is not a
coincidence; it is the mathematical seed from which the entire theory of stress intensity
factors would eventually grow. Inglis's work, viewed through this lens, did not just solve for an
ellipse; it uncovered the fundamental scaling law that governs stresses at the tip of any sharp
defect.

IV. Direct Application: Analysis of the Specified
Configuration



With the theoretical framework and the analytical solution established, it is now possible to
provide a direct and unambiguous answer to the user's specific query. The process involves
carefully mapping the problem description to the parameters of the Inglis formula and
performing a straightforward calculation.

4.1 Problem Definition and Parameterization

The user's problem is defined as follows:

e Loading: A remote uniaxial tension, oy, is applied in the Y-direction.
e Orientation: The smaller axis of the ellipse is also in the Y-direction.
e Aspect Ratio: One axis is half the size of the other.

To apply the Inglis formula, Kt=1+2(a/b), we must correctly identify the semi-major axis, a, and
the semi-minor axis, b. The formula was derived for the case where the load is applied
perpendicular to the semi-major axis a.

In the user's configuration, the load is along the Y-axis. The axis perpendicular to this load is
therefore the X-axis. This means the semi-major axis, a, must lie along the X-axis.
Consequently, the semi-minor axis, b, must lie along the Y-axis, which is consistent with the
problem statement that the smaller axis is in the Y-direction.

The problem states that the smaller axis is half the size of the other. Therefore, b=a/2. This
gives an aspect ratio for use in the formula of:

ba=(a/2)a=2

4.2 Calculation of the Stress Concentration Factor

Substituting the calculated aspect ratio of a/b=2 directly into the Inglis formula yields the
stress concentration factor:

Kt=1+2(ba)=1+2(2)=5

Conclusion: An analytical solution for the specified problem exists, and it yields a stress
concentration factor of exactly 5. The maximum tensile stress, occurring at the horizontal tips
of the elliptical hole (at the ends of the major axis), is five times the magnitude of the remote



applied tensile stress.

4.3 Visualization of the Stress Field

A conceptual visualization of the stress field for this configuration would show the uniform,
vertical lines of tensile stress far from the hole. As these stress lines approach the elliptical
discontinuity, they would diverge to pass around it. The lines would become significantly
crowded at the left and right tips of the ellipse (at x=+a), indicating the point of maximum
stress concentration, Kt=>5. In contrast, the stress lines passing directly above and below the
hole (near y=+b) would be spaced further apart than in the remote field, corresponding to the
region of compressive stress (ox=-0o) that develops at these locations. This pattern of
intense concentration at the tips perpendicular to the load is a hallmark of this class of
problems.*

4.4 The Critical Role of Orientation: Analysis of Loading Parallel to the
Major Axis

To underscore the profound importance of the flaw's orientation relative to the applied load, it
is instructive to analyze a counter-example. Consider the exact same ellipse, with a/b=2, but
now imagine the uniaxial tensile load, ox, is applied along the X-axis, parallel to the major axis.

In this new loading scenario, the maximum stress concentration no longer occurs at the ends
of the major axis but shifts to the ends of the minor axis (at y=+b). The roles of a and b in the
stress concentration formula are effectively interchanged. The formula governing the stress
concentration at the top and bottom of the hole is now:

Kt=1+2(ab)
For the ellipse with a/b=2, the new ratio for the formula is b/a=1/2. Substituting this value
gives:

Kt=1+2(21)=1+1=2

This comparison is striking. For the same geometric flaw, simply rotating the applied load by
90 degrees reduces the stress concentration factor from 5 to 2—a reduction of 60%. This
extreme sensitivity of the SCF to the orientation of a non-circular flaw is a critical principle in
engineering design and failure analysis. It demonstrates that a component containing a known
flaw can be perfectly safe if the flaw is oriented favorably with respect to the primary load
path, but catastrophically unsafe if it is oriented unfavorably. This principle explains, for



instance, why longitudinal cracks (perpendicular to the high hoop stress) in a pressurized
cylinder are far more dangerous than circumferential cracks (parallel to the hoop stress). It
also highlights the importance in Non-Destructive Evaluation (NDE) of not only detecting the
presence and size of a flaw but also accurately characterizing its orientation relative to the
expected service loads to properly assess its criticality.

V. Parametric Analysis and Foundational Limiting
Cases

The true power of the Inglis solution lies not just in its ability to solve for a single configuration,
but in its capacity as a unifying framework. By treating the aspect ratio a/b as a variable
parameter, the solution can describe a continuous spectrum of geometries, from a blunt
circular hole to an infinitely sharp crack. Analyzing the limiting cases of this spectrum
demonstrates how the Inglis solution elegantly contains other foundational results in solid
mechanics.

5.1 The Ellipse as a Generalization: Transition to the Circular Hole
(Kirsch Solution)

The simplest case to consider is that of a circle. A circle can be viewed as a special case of an
ellipse where the semi-major and semi-minor axes are equal, i.e., a=b.

For this geometry, the aspect ratio becomes:

ba=1
Substituting this value into the general Inglis formula for the stress concentration factor:

Kt=1+2(ba)=1+2(1)=3

This result, Kt=3, is precisely the celebrated solution derived by Kirsch in 1898 for a circular
hole in an infinite plate under uniaxial tension." The fact that the more general Inglis solution
smoothly reduces to the known Kirsch solution in the appropriate limit serves as a powerful
validation of the theory. It demonstrates that Inglis's work did not supplant Kirsch's but rather
subsumed it within a broader and more powerful analytical framework.



5.2 The Ellipse as a Precursor to a Defect: The Limiting Case of a Sharp
Crack

The other extreme of the geometric spectrum is of even greater significance. Consider an
ellipse that becomes progressively flatter and more elongated, such that the minor axis
becomes vanishingly small compared to the major axis. This corresponds to the mathematical
limit where b—0.

In this limit, the aspect ratio approaches infinity:

b—O0limba=co
Applying this limit to the Inglis formula predicts an infinite stress concentration factor:

Kt=1+2(ba)—x

This prediction of an infinite stress at the tip of a perfectly sharp crack is one of the most
important and consequential results in the history of mechanics.® While a truly infinite stress is
physically impossible, as any real material will yield or fracture before such a state is reached,
this mathematical "stress singularity" is the absolute cornerstone of Linear Elastic Fracture
Mechanics (LEFM). It provides the theoretical explanation for why brittle materials, which have
very little capacity for plastic deformation to blunt the stress, are so exquisitely sensitive to
the presence of small, sharp flaws. The entire discipline of fracture mechanics was developed
to manage the consequences of this singularity, by shifting the focus from the non-physical
infinite stress to a finite, characterizable parameter—the stress intensity factor—that
describes the magnitude of the singular stress field around the crack tip.

5.3 Comparative Analysis of Stress Concentration Factors

To consolidate these findings and provide a clear perspective on how the stress concentration
factor evolves with geometry and orientation, the following table summarizes the results for
several key configurations, all derived from the single Inglis formula.

Configur Geometr Loading Aspect Kt=1+2 Result Significa
ation y (a, b) Direction Ratio for * (ratio) nce
Descripti Formula

on

Circular a=b Uniaxial a/b=1 1+2(1) 3 Baseline




Hole (any dir.) case for
(Kirsch a blunt
Case) notch.
User's a=2b Along a/b=2 1+2(2) 5 Demonst
Specified Minor rates
Case Axis (Y) moderate
stress
amplifica
tion.
User's a=2b Along b/a=0.5 1+2(0.5) 2 Highlight
Ellipse, Major s critical
Rotated Axis (X) role of
90° orientatio
n.
Sharper a=5b Along a/b=5 1+2(5) 11 Shows
Ellipse Minor rapid
Axis (Y) increase
in Kt with
sharpnes
S.
Very a=10b Along a/b=10 1+2(10) 21 Approac
Sharp Minor hing
Ellipse Axis (Y) severe
crack-like
behavior.
Theoretic | b—0 Perpendi a/b— 1+2(0) 00 Foundati
al Sharp cular to on of
Crack Crack LEFM
stress
singularit
y.

This table transforms a series of individual calculations into a clear illustration of physical
principles. It numerically demonstrates the dramatic and non-linear increase in stress
concentration with the sharpness of the flaw (a/b) and reinforces the critical importance of




orientation by comparing the user's case (Kt=5) with its rotated counterpart (Kt=2). By
including the foundational limiting cases of the circle and the sharp crack, the table firmly
establishes the Inglis solution as a versatile and unifying theoretical tool.

VI. The Boundary of Theory: Limitations of the
Analytical Solution

An expert-level analysis requires not only presenting a theoretical solution but also rigorously
defining its boundaries of validity. The Inglis solution is derived from a set of idealizing
assumptions. While it provides a perfect and exact answer for that idealized model, its
application to real-world engineering problems must be tempered by an understanding of
these limitations. In modern engineering, the true power of the analytical solution often lies in
its use as a perfect baseline, where the deviation of a real system from the theoretical
prediction provides a quantitative measure of the influence of other, more complex physical
phenomena.

6.1 The Infinite Plate Assumption vs. Finite Body Effects

The Inglis solution is mathematically derived for a plate of infinite dimensions. In any real
engineering component, the body is finite, and the hole or notch exists in proximity to other
geometric features, such as free edges.” The presence of these nearby boundaries alters the
stress field and, consequently, the stress concentration factor. For a plate of finite width

2W, the SCF becomes a function not only of the ellipse's aspect ratio but also of the ratio of
the flaw size to the plate width, a/W.?

Generally, for a central hole in a finite-width strip under tension, the stress concentration
factor is slightly different from the infinite-plate value.” The free edges can constrain the
deformation around the hole, altering the stress distribution. For such finite-body problems,
analytical solutions are typically not available. Instead, engineers rely on numerical methods,
most notably the Finite Element Method (FEM) or Finite Element Analysis (FEA), to accurately
compute the stress field." The Inglis solution, in this context, serves as an essential tool for
verifying the accuracy of these numerical models in the limit of a very large plate.



6.2 Two-Dimensional Idealization vs. Three-Dimensional Reality

The analytical solution is strictly two-dimensional, assuming a state of either plane stress (for
thin plates) or plane strain (for very thick plates). Real components have a finite thickness, and
the stress state within them is fully three-dimensional. Extensive 3D finite element studies
have revealed that the stress concentration factor is, in fact, not constant through the plate

thickness.'

The key findings from these 3D analyses are:

e For thin plates, the maximum stress concentration does occur at the mid-plane of the
plate, which is consistent with the 2D plane stress assumption.

e However, as the plate thickness increases, the point of maximum stress concentration
moves from the mid-plane towards the free surfaces, though it never quite reaches the
surface. This complex stress state is often referred to as generalized plane strain.

e Critically, the peak 3D stress concentration factor can be significantly higher than the 2D
analytical prediction. For a circular hole, the 3D maximum Kt can be 20-40% higher than
the 2D value of 3, with the discrepancy increasing for materials with a higher Poisson's
ratio, v."

This discrepancy arises from the through-thickness constraint imposed by the material. The
Poisson's effect, which causes transverse contraction under tension, is constrained within the
interior of a thick plate, leading to the development of a tensile stress through the thickness
(oz) and an elevation of the in-plane stresses. The 2D solution, by its nature, cannot capture
this effect. An engineer relying solely on the 2D Inglis solution for a thick component would
therefore underestimate the true maximum stress.

6.3 The Linear Elastic Assumption vs. Material Reality: Plasticity and
Yielding

The Inglis solution is rooted in the theory of linear elasticity, which assumes that the material
obeys Hooke's Law and can sustain stress indefinitely without yielding. This assumption is
directly responsible for the non-physical prediction of infinite stress at a crack tip.°

Real structural materials, particularly metals, have a finite yield strength. When the stress at
the root of a notch or hole, as predicted by the elastic solution, exceeds the material's yield
strength, the material in that localized region will yield and undergo plastic deformation. This
plastic flow has a beneficial effect: it "blunts" the sharp elastic stress concentration and
redistributes the high stress over a larger volume of material. The actual maximum stress in



the component is effectively capped at the material's yield strength (or slightly above it, due
to strain hardening). Therefore, for ductile materials under static loading, the elastic stress
concentration factor can be overly conservative. The Inglis solution accurately predicts where
yielding will begin, but it does not describe the stress state after yielding has occurred.

6.4 The Homogeneous Isotropic Assumption vs. Advanced Materials

Finally, the classical solution assumes the material is homogeneous (possessing uniform
properties at every point) and isotropic (possessing the same properties in every direction).
While this is a reasonable approximation for many conventional metals, it does not apply to a
wide range of advanced materials, such as fiber-reinforced composites or Functionally
Graded Materials (FGMs).

FGMs, for instance, are engineered materials where properties like the Young's modulus are
designed to vary spatially in a controlled manner.' This concept can be used explicitly to
mitigate stress concentrations. By designing a plate to be more compliant (lower modulus)
near the hole and stiffer further away, the load can be more effectively transferred around the
discontinuity, thereby reducing the peak stress at the hole boundary.' For these advanced,
heterogeneous materials, the Inglis solution is not directly applicable for design calculations.
Instead, its role shifts to that of a benchmark: it provides the definitive solution for a
homogeneous plate, against which the performance improvements offered by an FGM design
can be quantitatively measured.

In this way, the analytical solution becomes an interrogative tool. If a 3D FEA of a thick plate
yields a Kt that is 25% higher than the Inglis prediction, that 25% is not an "error" in the theory
but is the quantifiable effect of the 3D stress state. The Inglis solution isolates the pure effect
of 2D geometry, allowing the engineer to precisely quantify all other contributing physical
factors by observing the deviation from this idealized reference.

VIl. Conclusion: The Enduring Relevance of the Inglis
Solution

This comprehensive analysis confirms the existence of a precise, closed-form analytical
solution for the stress concentration factor for an elliptical hole in an infinite plate under
uniaxial tension. The investigation has not only provided the direct answer to the user's query
but has also situated this specific result within the broader context of solid mechanics,



exploring its theoretical origins, its foundational role in fracture mechanics, and the critical
limitations that must be understood for its proper application.

7.1 Summary of Analytical Findings

The central conclusion of this report is that a definitive analytical solution for the user's
specified problem does exist. This solution was first derived by C.E. Inglis in his seminal 1913
paper.

e The governing formula for the stress concentration factor (Kt) for an elliptical hole in an
infinite plate subjected to uniaxial tension perpendicular to its major axis is Kt=1+2(a/b),
where a and b are the semi-major and semi-minor axes, respectively.

e For the specific configuration requested—an ellipse with an axis ratio of 2:1, with the
remote tensile load applied parallel to the smaller axis—the parameters are a/b=2.

e The direct calculation yields a stress concentration factor of Kt=5. The maximum stress at
the tips of the ellipse's major axis is five times the remote applied stress.

7.2 The Role of the Analytical Solution as a Benchmark

In the modern era of powerful computational tools, the role of classical analytical solutions
has evolved. While they may not be used directly for the final design of complex, finite,
real-world components, their importance has not diminished. The Inglis solution, alongside
the Kirsch solution, serves as a critical validation and verification benchmark for numerical
codes.” Any finite element software package intended for stress analysis must be able to
accurately reproduce these known analytical results for the appropriate limiting cases. This
provides fundamental confidence in the correctness of the code's formulation and
implementation before it is applied to more complex problems for which no analytical solution
exists.

7.3 Concluding Remarks on its Legacy

The Inglis solution for the elliptical hole stands as a monumental achievement in theoretical
mechanics. Its immediate contribution was to provide a general tool for quantifying stress
concentrations for a wide range of notch geometries. However, its lasting legacy is even more



profound. By revealing the mathematical relationship between stress concentration, flaw size,
and flaw sharpness—particularly the prediction of an infinite stress at the tip of a crack-like
ellipse—Inglis laid the direct mathematical groundwork for the entire field of fracture
mechanics. His work provided the first quantitative explanation for the catastrophic failure of
brittle materials from sharp flaws and paved the way for the development of the stress
intensity factor concept that underpins all modern damage tolerance analysis.

Today, the Inglis solution remains an indispensable part of the engineering curriculum. It
serves as a perfect pedagogical tool for teaching the fundamental principles of the theory of
elasticity, the power of choosing appropriate mathematical frameworks to solve physical
problems, and the process by which an idealized theoretical model can yield profound and
lasting insights into the behavior of the real world.
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